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A result of Walton and the author establishes that every 3-connected matroid of rank and
corank at least three has one of five &element rank-3 self-dual matroids as a minor. One of
these matroids is the rank-3 whirl qY3. Another is the rank-3 matroid P6 that consists of a single
3-point line together with three points off the line. This paper determines the structure of the
class of matroids that is obtained by excluding as minors both w3 and Ps. As a consequence of
this result, we deduce a characterization of the class of GF(4)-representable matroids with no
w3-minor.

1. Introduction

A consequence of Tutte’s wheels and whirls theorem [13] is that the
fundamental non-trivial building blocks for the class of 3-connected matroids are
the wheels and whirls. Since Seymour has shown that every matroid that is not
3-connected is a direct sum or a 2-sum of two matroids on fewer elements [ll],
these building blocks are fundamental to the whole class of matroids. Thus one is
led naturally to the problem of classifying those matroids that can arise when a
small wheel or a small whirl is excluded as a minor. We denote by “ur and M(SV;)
the rank-r whirl and the cycle matroid of the r-spoked wheel. Since the smallest
whirl w2 is isomorphic to the 4-point line, the class of matroids with no
w2-minor is the class of binary matroids [12]. If one excludes both w2 and
M(W;), the smallest 3-connected wheel, one obtains the class of series-parallel
networks (see, for example, [l]). In [7], the class of matroids having no minor
isomorphic to ?V2 or M( %$) was characterized. The members of this class can be
more complex than series-parallel networks but not dramatically so. In [6] and
[8], the classes of ternary matroids with no M( ‘?&)-minor and regular matroids
with no M(W5)-minor were characterized.
Again such matroids are not too
complex in the sense that the 3-connected members of these classes consist of a
few small matroids together with some easily-described infinite families.
In this paper we continue to study various classes of matroids that arise when
one excludes a small number of basic matroids. The motivation for the choice of
*This research was partially supported by NSF Grant No. DMS-8500494 and by a grant from the
Louisiana Education Quality Support Fund.
0012-365X/90/$3.50 0 1990, Elsevier Science Publishers B.V. (North-Holland)
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matroids to be excluded here derives not only from the wheels and whirls
theorem, but also from the following result. Euclidean representations
for the
matroids Ps and Qs appearing in this result are shown in Fig. 1.
Theorem 1.1. [5, Theorem 2.5; 14, Lemma 3.3.71. Let M be a 3-connected
matroid having rank and corank exceeding two. Then M has a minor isomorphic
to one of M(“Wj), W3, Qs, Ps or U,,,.

Each of the five matroids listed in this theorem is 3-connected, has 6 elements
and is isomorphic to its dual. Moreover, each of the last four matroids in the list
can be obtained from its predecessor by relaxing a circuit-hyperplane.
This
operation creates a new matroid M’ from an existing matroid M by taking as
the bases of M’ all bases of M together with a set X that is both a circuit and a
hyperplane of M.
Theorem 1.1 raises the question as to what can be said about the structure of a
class of matroids that is obtained by excluding as minors certain of the five
matroids listed in the theorem. If {MI, M2, . . . , M,} is a collection of matroids,
then EX(M,, M2, . . . , M,) will denote the class of matroids which have no minor
isomorphic to any of MI, M2, . . . , M,. The following results were proved in [9].
The matroids S(5, 6, 12) and J appearing in the first of these theorems are defined
as follows: S(5, 6, 12) is the rank-6 matroid on the set of 12 elements of the
Steiner system S(5, 6, 12), the hyperplanes of which are the blocks of the Steiner
system; J is the &element rank-4 matroid for which a Euclidean representation is
shown in Fig. 2. A representation for S(5, 6, 12) over GF(3) is given in [6, p.
2161.
Theorem 1.2. A matroid M k a 3-connected member of EX(M( Wr,), P6, Q6) if
and only if
(i) M is uniform having rank and corank at least two;
(ii) M = ‘W’ for some r 3 2;
(iii) M =J; or
(iv) M is isomorphic to a 3-connected minor of S(5, 6, 12).
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Theorem 1.3. A matroid M is a 3-connected member of EX(w3,
only if
(i) M is uniform having rank and corank at least two; or
(ii) M is binary and 3-connected.

PC, Qd if and

The main result of this paper extends the last theorem by determining the
structure of the class EX(“Ur3, P6). Since P6 is minor-minimal non-representable
over GF(4), an important consequence of this theorem is a characterization of the
class of GF(4)-representable
matroids with no minor isomorphic to the rank-3
whirl. This sheds light on the longstanding unsolved problem [lo] of obtaining an
excluded-minor characterization for the class of GF(4)-representable
matroids. It
also extends the characterization in [6] of the GF(4)-representable
members of
EX(M(%),
W”).
The matroid terminology used here will in general follow Welsh [15]. The
ground set and rank of the matroid M will be denoted by E(M) and rk M
respectively. If T G E(M), then p and rk Twill denote the closure and rank of T
respectively. The deletion and contraction of T from M will be denoted by M\ T
and M/T. If Z is an n-element circuit of M, then we shall call Z an n-circuit; Z is
a trivial circuit if n = rk M + 1.
If MI and M2 are matroids on the sets S and S U e where e $ S, then M2 is an
extension of MI if M,\e = MI, and M2 is a lift of MI if MJe = MI. In the former
case, we shall often write MI + e for M2. We call M2 a non-trivial extension or lift
of MI if M,\e = MI or MJe = MI, respectively, and e is not in any circuits or
cocircuits of M2 with fewer than three elements. MI has a unique extension M2 on
E(M,) U e in which e is in no non-trivial circuits and is not a coloop [3]. This
extension is said to be obtained from MI by adding e freely. In this case, we shall
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also call M2 the free extension
of M, and say that e is free in M2. If i@ is the free
extension of MT, then M2 is called the free lift of Mi.
It is well known (see, for example, [4, Lemma 2.11) that a non-trivial
extension
of a 3-connected
matroid N is 3-connected
provided
)E(N)I 3 3. The other basic
results on matroid connectivity
may be found in the introduction
To state the main
P(rU&

denote

theorem,

the

parallel

that are used
of [6].
we shall need
connection

here
some
of

but are not explicitly
more

r

notation.

3-point

lines,

stated

For r 2 2, let
{p, a,, b,},

that is, P(rU,,,)
is the rank-(r + 1) matroid consist{p, a2, b2), . . . J {P> a,, b,};
ing of r 3-point lines all passing through
a common
point p. Let X, be the
truncation
to rank r of P(rU&
and let T, = X,\p. Then it is not difficult to check
circuits of T, is
that T, = U2,.,, T3 = U,,, and, for all r 3 4, the set of non-trivial
T2, T3, . . . have several attractive
{{Ui, bi,
1 S i <i c r}. The matroids
features.
For all r, T, is identically
self-dual
and its automorphism
group is
transitive
on its points.
Moreover,
T,+,la,\b,
= T,, (T,\b,)* = TJb, and T,\
b,/b* is isomorphic to its dual. In addition,
T, is representable
over GF(4), such a
representation
being given for X, in [6, p. 2441.
< s 4) be a family of disjoint sets. It is not difficult to
Now let ({xi, y,}: 1 --I
check that the transversals
of this family that contain an even number of x1, x2,
x3 and xq are the non-trivial
circuits of a rank-4 paving matroid [15, p. 401. We
shall denote this matroid by L,. Note that, since the 4-circuits of L8 are precisely
the hyperplanes
and these circuits occur in four complementary
pairs, L, is
identically
self-dual.
Moreover,
it is clear that the automorphism
group of L, is
Uj,

transitive

bj}:

on the points.

Theorem
1.4. Let M be a matroid. Then M is a 3-connected member of
EX( W3, P,) if and only if either
(i) M is uniform having rank and corank at least two; or
(ii) M is binary and 3-connected; or
(iii) M is isomorphic to T,, T,\b,, T,fb, or T,\b,/ba for some r 3 4; or
(iv) M is isomorphic to the free lift or the free extension of M(K,), F7, FS, or
AG(3, 2); or
(v) M is isomorphic to Lg.

We can construct
all the members
of EX( W3, P6) from the 3-connected
members by repeatedly
using the operations
of 2-sum and direct sum [ll, (2.6)].
Moreover,
using Theorems
1.2 and 1.4, we can specify the structure
of all the
classes of matroids that are obtained by excluding four of M( W;), W3, P6, Q6 and
W3, Q6, U3,,). It is not clear why some of these
u 3,6, except for EX(M(Ur,),
classes are easier to characterize
than others.
Theorem
1.4 will be proved in Sections 2 and 3, while in Section 4 we shall
prove some applications
of the theorem including the following:
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representable over GF(4) if and only if either
(i) M is binary and 3-connected; or

(ii) M = T,, T,\b,,
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member

of EX(W3)

that is

or T,.\b1/b2 for some r 23.

The main tool in the proof of Theorem
Seymour’s splitter theorem [ 11, (7.3)].

1.4 is the following easy consequence

of

Theorem 1.6. Let M and N be 3-connected matroids such that N is a minor of M,
[E(N)1 2 4, and if N = M(W,), M has no M(Wk+I)-minor,
while if N = Wk, M
has no Wk+l-minor. Then there is a sequence MO, MI, M2, . . . , M,, of 3-connected
matroids such that MO= N, M, = M and, for all i in { 1, 2, . . . , n}, Mi is an
extension or lift of Mi_1.

By Theorem 1.3, a 3-connected member M of EX(W’, P6, Q6) satisfies (i) or
(ii) of (1.4). Th us, to show that every 3-connected member of EX(W3, P6) is
listed under (i)-(v) of (1.4), it remains to show that this is true for every
3-connected member of EX(W3, P,) - EX(W3, P6, Q6). To prove this, we first
note that such a matroid M has a minor isomorphic to Qs. Let N1 and Nz be the
extensions of Q6 for which Euclidean representations are shown in Pig. 3. It is not
difficult to check the following:
Lemma 1.7. A non-trivial extension of Q6 that is in EX(W3, P,) is isomorphic to
N, or N2.

The next two results, which will be proved in Sections 2 and 3, respectively,
complete the proof that (1.4) (i)-(v) include all 3-connected members of
EX(W3, P,). We note that N1 and its dual are isomorphic, respectively, to the
free extension and the free lift of M(K,).

A A
2

d

5

1

4=d

3

6

N1

0

N2

7

Fig. 3.
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1.8. Let

M be a matroid.

Then

M is a 3-connected

member

EX( %f3, P6) having a minor isomorphic to NI or N: if and only if either
(i) M is komorphic to the free extension or the free lift of one of M(&),

of

F7, Fq

or AG(3, 2); or
(ii) M = Lg.

Theorem

1.9. Let

M be a matroid.

Then

M is a 3-connected

member

of

EX( 7V3, P,) having a minor isomorphic to N2 or Nz if and only if, for some r L 4,
M is isomorphic to one of T,, T,\b,,

2. The Proof of Theorem

TJb,

or Tr+,\b1/b2.

1.8

This section will be devoted to the proof of Theorem 1.8. This will be based on
Theorem 1.6. We begin with a sequence of four lemmas that will be used in the
proof. Each of these is concerned with determining possible extensions and lifts
of certain of the matroids in (1.4) (i)-(v).
With N, labelled as in Fig. 3, N:, the free lift of M(K,), has the Euclidean
representation shown in Fig. 4.

Fig. 4.
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(b)
6

Fig. 5.

Lemma 2.1. If N: + f is a 3-connected member of EX( W3, P,), then the set of
non-trivial circuits of NT + f containing f is
or
(a) {{1,4,7,f},
(2, 5, 7,f),
(3, 6 7,f))
(b) ((1, 5, 6,f),
(2949 6,fI,
(1, 2, 3,fI,
(3, 4, 5,f>>.
Moreover, if (a) occurs, then NT + f is isomorphic to the free lift of 4,
occurs, then NT + f is isomorphic to Lg.

while if (b)

Proof. Evidently

(NT + f)/7\f and (N: + f)/6\f are as shown in Fig. 5 (a) and
respectively.
Moreover,
(NT +f)lx\f
= (N: +f)/6\f
for
all x in
(b),
{1,2,3,4,5,6).
S ince (NT + f)/7 E EX( “Ilr3, Pe), either (i) f is in a 2-circuit in
(N: + f)/7, or (ii) (NT + f)/7 = F,, or (iii) (NF + f)/7 = NI.
We shall show that (i) above cannot occur and that if (ii) or (iii) occurs, then
(a) or (b), respectively,
holds.
(1) f is not in a 2-circuit of (N: + f)/7.

To prove this, suppose, without loss of generality,
that {f, l} is a circuit of
(NF +f)/7.
Then {7,f, l} IS
. a circuit of NT + f. Thus, in (N: + f)/6, the element
f is on the line containing
{7,2, l}. Since (NF + f)/6 E EX( ?V3, P,), it follows that
(2, f} is a circuit of this matroid, so {f, 2, 6) is a circuit of NT + f. Similarly, from
considering
(N: + f)/3, we deduce that {f, 3, 5} is a circuit of NT + f. By circuit
elimination,
using {f, 2, 6) and {f, 3, 5}, it follows that {3,5,2,6}
contains
a
circuit of N:; a contradiction.
Hence (1) holds.
To treat case (ii), we shall next prove the following statement.
(2) Suppose

that (N: + f)/7

= F7. Then NT + f is isomorphic

to the free

lift

of&.
Since (NT + f)/7\f is labelled as in Fig. 5 (a), (NT + f)/7 is labelled as in Fig.
6. Thus each of the pairs of sets {1,4,f},
(1, 4, f, 7); {2,5, f}, (2, 5, f, 7); and
{3,6, f }, { 3, 6, f, 7) contains a circuit of N; + f. Since { 1,4,3,6},
{ 1,4,2,5}
and
{2,5,3,6}
are independent
in NT and hence in N: + f, circuit elimination
implies
that at most one of {1,4, f }, (2, 5, f} and {3,6, f} is a circuit of N: + f. If one of

42
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these is a circuit, we may assume it is {1,4,f}. But then, as neither {f, 2, 4) nor
{f, 2, l} contains a circuit of (NT +f)/7, neither is a circuit of NT +J We deduce
that {3,6,f} must be a circuit of (NT +f)/2, otherwise we get the contradiction
that (N: +f)/2\5
= W3. It follows that {3,6,f, 2) is a circuit of NT +f and, by
that
elimination with the circuit {3,6,f, 7}, we obtain the contradiction
{3,6,7,2}
contains a circuit of N: +f. Therefore, we may assume that all of
{1,4,f, 71, {2,5,f, 7) and {3,6,f, 7) are circuits of NT + f. To completely
determine NF + f, we shall show that f is in no other non-trivial circuits of NT + f.
From considering (NT + f)/7, it suffices to show that NT + f has no circuits
containing f of either of the following types: (I) C U f, where C is a 3-point line of
NT/7, or (II) D, where D is a 4-circuit of (NT + f)/7 containing f. If C U f is a
circuit of the first type in N: + f, then C U f is a union of circuits in (N: + f)/7.
But this leads to a contradiction, since (NT + f)/7 is isomorphic to F7 and has C as
a circuit. If the second type of circuit occurs in N: + f, then we may assume that
one such circuit is {1,5,6, f}. Then, as {3,6, f, 7) is also a circuit of NT + f, it
follows that (N: + f)/6\4 = W3; a contradiction. We conclude that NT + f has no
other non-trivial circuits containing f. Hence NT + f is isomorphic to the free lift
of F7 and (2) is proved.
Next we consider case (iii) and prove the following statement.
(3) Suppose that (N: + f)/7 = NI. Then N: + f = L,.
(Nr + f)/7\f is as labelled in Fig. 5(a). As (Nr + f)/7 = N,, the former has a
unique free element which must be f. Therefore f is in no 3-circuits of NT + f. As
(NT + f)/6\f is as shown in Fig. S(b), by Lemma 1.7, (NT + f)/6 is isomorphic to
one of the three matroids shown in Fig. 7. If (a) occurs, then {3,6,7, f} is a
circuit of NT + f and so {3,6, f} is a circuit of (N: + f)/7; a contradiction. If (b)
occurs, then { 1,4,6, f} is a circuit of NT + f. But then, since NT/l = N:/6, the
former is isomorphic to the matroid shown in Fig. .5(b). Using this and the fact
as a circuit, it is not difficult to show that
that (NT+f)ll
has {4,6,f}
(N: + f)/l r$EX(W3, P6). Now suppose that (c) occurs. Then {1,5,6, f} and
{2,4,6, f } are circuits of N: + f, the only non-trivial circuits of NT + f containing
(6,f). From considering (NT +f)/l
and (NT +f)/4, we deduce that {1,2,3, f}
and {3,4,5, f } are also circuits of NT + f. Since f is in at most two 3-point lines in
(N: +f)/x for allx in {1,2,. . . ,6}, {x, f} is in at most two non-trivial circuits of
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NT +f for all such x. Since each such pair {x, f} occurs in exactly two of
{1,5,6,f},
{2,4, 6, f}, {1, 2, 3, f} and {3,4,5,f},
we conclude that there are
no other non-trivial circuits of NF +f containing 5 The non-trivial circuits of
NT +f not containing f are {1,3,5,7},
{ 1,2,6,7},
{2,3,4,7}
and {4,5,6,7}.
Thus the set of non-trivial circuits of NT +f consists of four pairs of disjoint
4-sets. As no two of these 4-sets meet in 3 elements, it follows that this set of
non-trivial circuits is also the set of non-trivial circuits of NT +f; that is, NT +f
is identically self-dual. It is not difficult to check that NF +f = L,. This completes
the proof of (3) thereby finishing the proof of Lemma 2.1. 0
Lemma

2.2. Neither

L,

nor the free

lift of F7 has a non-trivial

extension

in

EX( W3, P,).
Proof. Suppose

we add two elements fi and f2 to NT to get a 3-connected
member of EX(W’, P.). Assume initially that in N: + fi, the non-trivial circuits
containing fi are as listed in (2.1) (b) with f =fi. Then {1,5,6,f,},
(2, 4, 6,f,}
and {1,2,3, fi} are also hyperplanes of NT + fi and these hyperplanes meet in the
rank-one flat {fi}. Therefore we cannot also have that the non-trivial circuits of
N: +f2 containing f2 are as in (2.1) (b) with f = f2, otherwise {fi, f2} is a circuit of
NT + fi +f2. Suppose then that the non-trivial circuits of NT +f2 containing f2 are
as in (2.1) (a) with f =fi. It is straightforward to check that (N: +fi +f,)/6\1\
4 = P& a contradiction. We conclude that L, has no non-trivial extensions in
EX( W3, &).
It remains to consider the case when, for i = 1, 2, the non-trivial circuits of
N: +f; are as in (2.1) (a) with f =A. Then, for some x in {1,2, . , . ,6}, {x, fi, f2}
is not a circuit of NT + fi + f2. Without loss of generality, we may assume that
x = 6. Then (N: + fi + f,)/6\7,4
= P6; a contradiction.
q
Let Ds denote the free extension of FT. Then D,* is isomorphic to the free lift
of F7 and we may identify 0: with the matroid NT + f of (2.1)(a).
Lemma

2.3. Let D9 = D, + g and suppose

that D9 is a 3-connected

member

of

44
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EX( W3, P,). Then D9 is isomorphic to the free extension of AG(3,2).
the last matroid has no non-trivial extensions in EX(W3, P,).

Moreover,

Proof. With the elements

of Dz labelled as above, the non-trivial circuits of DB
are ILL 3,f 1, (1, 2, 4, 51, (3, 4, 5,f},
(1, 5, kf},
(2, 3, 5, 6}, {1,4, 6, f} and
{1,3,4,6}. Now Ds has 7 as a free element. Hence D,/7\g = U3,,. It follows that
D,/7 has a P,-minor unless
(i) (7, g} is in a 3-circuit {7,g, x} of D9, or
(ii) D,/7 = U,,,.
Assume that (i) occurs and let y be an element of E(D,) - (7, g, x}. Then
D,/y \g is isomorphic to the free extension of M(K,) by 7. Thus either (a)
(7, g, x} is a 3-circuit of D,ly, or (b) (7,g) or {g, x} is a circuit of D,/y. If (b)
holds, then (7, g, y} or {g, x, y} is a circuit of D9 and, performing elimination
with the circuit (7, g, x} about the element g, we obtain the contradiction that D9
has a circuit contained in (7, x, y}. Thus we may assume that (a) holds. Hence
D,/y is a non-trivial extension of the free extension of M(K,). As D,/y E
EX( W3, P,), it follows that D9/y is isomorphic to the free extension of F, by the
element 7. This contradicts the fact that (7, g, x} is a circuit of D,/y and thereby
eliminates case (i).
Now suppose that case (ii) occurs. Then 7 is free in D9. Moreover, g is in no
3-circuits in D9. For all y in {1,2,3,4,5,6,
f}, D,/y is a non-trivial extension of
the free extension of M(K,). Hence, as above, D,/y is isomorphic to the free
extension of F7 by the element 7. Using this, it is straightforward to check that the
non-trivial circuits of D9 containing g are {2,5, f, g}, (3, 6, f, g}, { 1, 4, f, g},
We conclude that D9 is
(1, 2, kg),
(1, 3, 5, g>, (2, 3, 4, g> and {4,5,6,g}.
indeed isomorphic to the free extension of AG(3,2). Moreover, since we have
determined that an element g which can be added to D9 to give
- a 3-connected
member of EX( W3, P,) must be on the intersection of the flats (2, 5, f}, (3, 6, f}
and {1,2,6}, it follows that the free extension of AG(3,2) has no non-trivial
extensions in EX(W3, P,). Cl
Next, we are going to show that the free extension of AG(3,2) has no
non-trivial lifts in EX(W3, P6). Let As be obtained by extending the matroid N, of
Fig. 3 by the element e as in Fig. 8. Then A,* is isomorphic to the free lift of FT
by the element 7. Moreover, A,* has a non-trivial extension in EX(W3, P,) if and
only if AS has a non-trivial lift in EX(W3, P,).
Lemma 2.4. The unique non-trivial extension of the free lift of FT in EX(W3, P6)
is isomorphic to the free lift of AG(3,2). Moreover, the free lift of AG(3, 2) has
no non-trivial extensions in EX( W3, P6).
Proof. Let A,* + h be a non-trivial extension of A,* in EX( W3, P,) where As is as
shown in Fig. 8. Now choose x arbitrarily in {1,2,3,4,5,6,
e}. Then A,*/x is
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isomorphic to NT, the free lift of M(K,). Thus (AZ + h)/x is an extension of N:.
By Lemma 2.1, NT has two non-trivial extensions in EX( Wr3,P& namely L8 and
the free lift of &. Since, by Lemma 2.2, L, has no non-trivial lifts in EX(w3, P6),
(A; + h)/x + Lg. W e conclude that either (i) (A: + h)/x is isomorphic to the free
lift of F,, or (ii) {h, x} is in a 3-circuit of A,* + h.
Suppose (ii) occurs for some x1 in {1,2,3,4,5,6,
e} and let {h, x1, z} be a
3-circuit of A,* + h. Choose x2 from {1,2,3,4,5,6,
e} - {x,, z} and consider
(A,* + h)/x2. Either (i) or (ii) holds for this matroid with x =x2. To see that (i)
cannot hold, we observe that (AZ + h)/x2 has a circuit contained in {h, z, x,}, yet
the free lift of F, has no circuits with three or fewer elements. On the other hand,
if (ii) holds for (AZ + h)/x2, then by elimination, A,* has a circuit with at most
four elements; a contradiction. We conclude that, for all x in {1,2,3,4,5,6,
e},
(A: + h)/x is isomorphic to the free lift of FT.
We want to determine all the non-trivial circuits of A,* + h that contain h.
Since, for all x in {1,2,3,4,5,6,
e}, there are no 2-circuits or 3-circuits in
(A,* + h)/x,
no circuit of A,* + h containing h has fewer than 5 elements.
Moreover, C is a 4-circuit of (A,* + h)/ x containing h if and only if C U x is a
5-circuit of A,* + h containing h. Using this fact, it is not difficult to show that the
non-trivial circuits of A: + h containing h are {2,4,6,7, h}, (1, 5, 6, 7, h},
{3,6, 7, e, h}, (2, 5,7, e, h), (3, 4, 5,7, h}, 11, 4, 7, e, h} and {1,2,3,7, h}.
From this, we conclude that A,* + h is isomorphic to the free lift of AG(3,2).
Furthermore,
if h’ is added to A,* + h to give a 3-connected member of
EX(‘IV3, P,), then, for X s E(A,*), X U h is a circuit of A,* + h if and only if
X U h’ is a circuit of AZ + h’. From considering hyperplane intersections, it is
straightforward to deduce that (7, h, h’} is a circuit of A,* + h + h’. But then
(AZ + h + h’)/1,5 has a &minor. We conclude that the free lift of AG(3,2) has
no non-trivial extensions in EX(YV3, P6). q
We are now ready to prove Theorem
Proof of Theorem

1.8.

1.8. Suppose that M is a 3-connected

member of EX(Wr3, P,)
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having
follows

a minor
by

isomorphic

Theorem

1.6

to N1 or NT. By duality, we may assume the former.
that there is a sequence
M,, M1, M2, . . . , M,

3-connected
matroids
such that MO = Q6, Ml = N,,
{1,2,. . . , n - l}, M,+, is an extension
or lift of Mi.
Let E(M,) - E(M,)
(i) Ml is a deletion

= {f} and E(M,)
of M2, or

- E(M,)

M,, = M and,

for

It
of

all i in

= {d}. Now either

(ii) Ml is a contraction
of M2.
Assume (i) occurs. Then M2 = MO + d +f and, by Lemma 1.7, M,\d is isomorphic
to one of Nr and N2. It is straightforward
to check that, as M2 E EX(W3, P,), M2
must be isomorphic
to the free extension
of F, and, moreover,
the latter has no
non-trivial
extensions
in EX( W3, &,).
Next we suppose that (ii) occurs. Then Mz is an extension
of NT and so, by
Lemma 2.1, M; is isomorphic
to L, or the free lift of F7. Hence,
as L8 is
identically
self-dual, M2 is isomorphic
to L8 or the free extension
of FT.
On combining
(i) and (ii) above, we deduce that M2 is isomorphic
to L,, or the
free extension
of either FT or F,. By Lemma
2.2 and duality,
L, has no
non-trivial
extensions
or lifts in EX(W3, P6). Thus we may assume that M2 is
isomorphic
to the free extension
of either FS or F,. It follows, by Lemma 2.2,
duality and (i) above, that, in the first case, M3 is an extension
of M2, while, in
the second case, M3 is a lift of M2. Thus, by Lemmas
2.3 and 2.4, M3 is
isomorphic
to the free extension
of AG(3,2).
Moreover,
by Lemmas 2.3 and 2.4
again, the last matroid has no non-trivial
extensions
or lifts in EX( W3, P,).
Using duality,
we may now conclude
that every 3-connected
member
of
EX(W3, P6) having a minor isomorphic
to Nr or NT satisfies (1.8) (i) or (ii). To
prove the converse,
we first note that, since each of these matroids
can be
obtained from the 3-connected
matroid Q6 by a sequence of non-trivial
extensions
and lifts, each is 3-connected.
To check that each of the matroids
in (i) is in
EX( W3, P6), we note that each such matroid is a minor of the free lift or the free
extension of AG(3,2).
As the last two matroids are duals of each other, it suffices
to prove that the second of them is in EX( W3, PJ. This follows straightforwardly
by exploiting
the symmetry
of this matroid and we omit the details. Finally, we
note that every single-element
contraction
of Lx is isomorphic
to the free
extension
of M(K,).
Since the latter is in EX( W3, P,), it follows by the Scum
Theorem (see, for example, [15, p. 3241) that L8 is also in EX(W3, P,).
q
3. The proofs of Theorems

1.9 and 1.4

In this section we prove Theorem
1.9 and then combine
this result with
Theorem
1.8 to complete the proof of Theorem
1.4. Like the proof of Theorem
1.8, the proof of Theorem
1.9 will be based on the splitter theorem.
We begin
with a sequence of four lemmas that will be used in the proof. These lemmas will
be concerned
with determining
the non-trivial
extensions
and lifts of T,, T,\b,,
TJb, and T,\b,/b, that are in EX( W3, P6). Note that Nz = Tklb2 and Nz = T,\b,.
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3.1. Let r be an integer exceeding 2. If (T,\ b,) + e is a 3-connected
of EX( “ur3,P,), then (T,\bJ
+ e is isomorphic to T, or Tr+l\bllb2.

Proof. We shall argue by induction on r. If r = 3, then T,\b, = U,,,. The only
3-connected extensions of U,,, in EX(w3, P,) are U3,, and Q6. Since these
matroids are isomorphic to T3 and T4\bJb2,
respectively, the lemma holds for
r = 3. Now assume it holds for (T,\ b,) + e and consider (T,+,\ b,) + e where
r + 12 5. For all i in {2,3,. . . , r + l}, T,+l\bllb,
= T,\bI. Thus ((T,+,\b,)
+
e)/aI \ bi is isomorphic to an extension of T, \ bI. We shall show next that either
(i) {e, aI} is in a 3-circuit of (T,+,\b,)
+ e, or
+ e)/a,.
(ii) for all i in {2,3, . . . , r + l}, {e, ai, bi} is a circuit of ((T,+,\b,)
Assume that (i) does not hold. Then, if i is in {2,3, . . . , r + l}, ((T,+,\b,)
+
e)/aI \ bi is isomorphic to a non-trivial extension of T,\ bI. Hence, by the
induction assumption, ((T,+,\b,)
+ e)/aI\b,
is isomorphic to T, or T,+l\bl/bl.
In
each case, using the fact that T,+,\b,/a,
= T,, it is not difficult to check that,
when e is added to T,+I\bI/aI to form ((T,+I\bI) + e)/aI, the set {e, ai, bi} must
become a circuit. We conclude that if (i) does not hold, (ii) does.
We now assume that (i) holds. Without loss of generality, we may suppose that
{e, a,, a,?} is a circuit of (T,+,\b,)
+ e. Then {e, aI, a,,,}
is not a circuit of
(T,+,\b,)
+ e. Consider ((T,+,\b,)
+ e)/a,+,. This is isomorphic to an extension
by e of T,+l\b1/b2.
Thus, by the induction assumption, either ((T,+,\b,)+
e)/a,+, = T,+,/b,,
or {e, a,,,} is in a 3-circuit {e, a,,,, c} of (T,+*\bI) + e. In the
latter case, performing elimination about the element e using {e, a,,,, c} and
{e, a,, az} gives a circuit of T,+,\b,
contained in {aI, a2, a,,,, c}. As no such
circuit exists, we conclude that ((T,+I\bI) + e)/a,+, = T,+Jb2. Since {b,+I, ai, bi}
is a line of ((T,+I\bI) + e)la,+, for all i in {2,3, . . . , r}, it follows that b,+I is the
point common to all the 3-point lines of ((T,+I\bI) + e)/a,+I. Therefore the
element e is on a unique 3-point line of this matroid and this line contains b,+I.
This contradicts the fact that {e, al, a,,} is a 3-circuit of (T,+I\bl) + e and thereby
eliminates (i).
Now assume that (ii) holds. We shall show next that
(1) either {e, ai, bi} is a circuit of (T,+,\bI) + e for all i in (2, 3, . . . , r + l},
or, for all such i, {e, ai, bi, aI} is a circuit.
If i is in {2,3, . . . , r + l}, then {e, ai, bi} is a circuit of ((T,+,\b,)
+ e)/aI.
Thus,either {e, ai, bi} or {e, ai, bi, al} is a circuit of (T,.+,\b,) + e. NOW suppose
that, for some pair {i, j} of distinct elements of {2,3, . . . , r + l}, {e, ai, bi} and
{e, aj, bj, aI} are circuits of (T,+,\ b,) + e. By the strong circuit elimination
axiom, (T,+,\b,)
+ e has a circuit
C containing
a, and contained
in
{a,, ai, bi, ai, bj}. Evidently C is a circuit of T,+,\b,.
But a, is free in this
matroid so ICI=rk(T,.+,\b,)+l=r+2.
Since (Cl<5 and r+2>6,
we have a
contradiction. Therefore (1) holds.
Now assume that {e, ai, bi} is a circuit of (T,+,\bJ
+ e for all i in
(273, . . . 3r + l}. Then it follows by the induction assumption that, for all such i,
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((T,+,\b,)
+ e)/q\b,
= ((T,+,\bI)
+ e)/b,\a,
= Tr+l\bl/b2.
Using this, it is not
difficult to show that e is in no other non-trivial circuits in (T,.+,\ b,) + e. Hence,
in this case, (T,,, \b,) + e = Tr+2\bllb2.
Next we suppose that, for all i in {2,3, . . . , r + l}, {e, a,, bi, a,} is a circuit of
(T,+,\b,)
+ e. Then, for all such i, it follows by the induction assumption that
both ((T,+,\bJ
+ e)/ui and ((T,+,\b,)
+ e)/bi are isomorphic to T,+JbZ with b;
and ai, respectively, being the points that are on all the 3-point lines. Therefore
the r 4-circuits already noted are the only non-trivial circuits of (T,+,\b,)
+ e
containing e. We conclude that, in this case, (T,+,\b,)
+ e = T,.+,, thereby
completing the proof of the lemma.
0

As noted in the introduction,
both the matroids T, and Tr+l\bllb2
are
isomorphic to their duals. The next three lemmas show that the only 3-connected
extension of each of these matroids in EX(W3, P6) is Tr+,/b2 and that this
matroid has no 3-connected extensions in EX(W3, P,).
Lemma 3.2. For r 2 5, if (T,\bl/bZ)
then (T,\b,/bz)
+ e = T,lb,.

+ e is a 3-connected

member

of EX( W3, P,),

Proof.

As Tr\bl/b2\u2=
T,_,\b,,
a consequence of the preceding lemma is that
If the latter occurs, then,
((Tr\bJ&)
+ e)\ u2 is isomorphic to T,_, or T,\bl/bZ.
in (T,\b,/b,)
+ e, both u2 and e are on the line spanned by {a,, bi} for all i in
+ e; a contradiction. Hence
(394,. * f >r}. Thus {e, uz} is a 2-circuit of (T,\bJb*)
((T,\b,/b,)
+ e)\u2=
T,_,. It is now not difficult to check that {e, u2, a,} is a
circuit of (Tr\bl/b2) + e.
To complete the proof that (T,\bl/ba)
+ e = T,/b,, we need to show that e is in
no non-trivial circuits of (T,\bl/bZ) +e other than {e, u2, a,} and the r -2
+ e)\uz=
four-circuits of the form {uj, bi, e, aI} for 3 G i S r. Since ((T,\b,/b,)
T,_l, every other non-trivial circuit containing e must also contain u2. Let C be
such a circuit. Then, as {e, u2, al} is also a circuit, it follows by circuit elimination
that (C - e) U al contains a non-trivial circuit D of (T,\bJbJ
+ e and hence of
c\bl/b2.
But a, is free in T,\b,/b*,
so D s C - e 5 C; a contradiction.
0
Lemma

3.3. For r Z=4, T,/b,

has no non-trivial

extensions

in EX( W3, I$).

Proof. We argue by induction on r. For r = 4, T,lb, is isomorphic to N2 and it is
straightforward
to check that this matroid has no non-trivial extensions in
EX( W3, P,). Hence the lemma holds for r = 4. Assume it true for T,/b, and
consider Tr+llb2 where r 2 4.
Let (Tr+l/b2) + e be a 3-connected member of EX( W3, P,). By the preceding
lemma, (T,+,/b,\bJ
+ e = T,+Jb2. Hence {e, al, uz} is a circuit of (T,+,/b*) + e.
Similarly, (T,.+,/b2\b3) + e = T,+,/ba and so (Tr+Jb2) +e has {e, u3, a*} as a
circuit. By the strong circuit elimination axiom using this circuit and {e, a,, u2}
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about the element e, we deduce that {al, a2, a3} is a circuit of Tr+Jbz;
0
contradiction. The lemma now follows by induction.
Lemma

3.4. For r 3 4, if T, + e is a 3-connected

member

a

of EX( Wr3,P,), then

T, + e = T,+,lb,.
Proof. By Lemma 3.1, (T,\b,)

+ e is isomorphic to T, or Tr+,\bl/bZ. In the latter
case, the result follows by Lemma 3.2. Thus we may assume that (T,\b,) + e =
T,. The distinct planes {a*, bZ, a,, bl, e} and {a3, b3, a,, bl, e} of T, + e meet in
{al, bl, e}. Hence this set is a circuit of T, + e.
If, for all i in {2,3, . . . , r}, {e, aj, bi} is a circuit of T, + e, then T, + e =
T,+JbZ and the lemma holds. Thus we may assume, without loss of generality,
that {e, a2, b2} is not a circuit of T, + e. If {e, a,} is contained in some 3-circuit
{e, a2, x} of T, + e, then by circuit elimination using {e, al, b,} and {e, a*, x}, we
deduce that {a,, bl, a2, x} contains a circuit of T,. As r 2 4, x = b2; a contradiction. We conclude that {e, al} is in no 3-circuits of T, + e. It follows that
(T, + e)/a, is a non-trivial extension of T,/a2. But the latter is isomorphic to
TJb,. Hence, by Lemma 3.3, T, + e 4 EX(“Ur3, P6). This contradiction completes
the proof.
0

We are now ready to prove Theorems

1.9 and 1.4.

Proof of Theorem 1.9. By [6, Theorem A.41, for r 24, each of T,, T,\bl, T,/b,
and Tr+l\bl/b2 is a 3-connected, GF(4)-representable
member of EX(M(W;),
w3). As Ps is not GF(4)-representable,
it follows that each of these matroids is in
EX( Ur3, P,). Moreover, each has N2 or Nz as a minor since N2 = T4/b2 and
N; = T,\b,.

To prove the converse, suppose that M is a 3-connected
member of
EX(“Clr3,P,) having a minor isomorphic to N2 or Nz. Then, by Theorem 1.6, there
is a sequence MO, M,, M2, . . . , M, of 3-connected matroids in which each
member is an extension or lift of its predecessor, MOis N2 or N& and M, = M. It
follows easily from Lemmas 3.1-3.4 and duality that, for all i 2 0, M2i = q+4\bl
Cl
or Ti+d/b2 and M2i+l E K+, or T+5\b,/b2.
Proof of Theorem 1.4. If M satisfies (i) or (ii), it is certainly a 3-connected
member of EX(Wr3, P,). By Theorems 1.8 and 1.9, every matroid satisfying
(iii)-(v) is a 3-connected member of EX(Wr3, P6) except possibly T4\bl/b2. But
this matroid is isomorphic to Qs, so it too is a 3-connected member of
EX( Wr3,Ps).
For the converse, we suppose that M is a 3-connected member of EX(w3, P,).
If M has no Q,-minor, the result follows by Theorem 1.3. If M = Qs, then
M = 71,\bl/b2 and again the result holds. If M has Q6 as a proper minor, then, by
Lemma 1.7 and duality, M has a minor isomorphic to N,, NT, N2 or Nt. In the
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first two cases the result
by Theorem

1.9.

follows

Oxley

by Theorem

1.8; in the last two cases,

it follows

0

4. Some consequences
In this section, we prove some consequences
of Theorem
1.4 beginning
with
Corollary 1.5. We observe that from this corollary and [6, Theorem A.41, which it
extends,
it follows that all the 3-connected,
EX( W”) - EX( ?V3, M( Wr,)) are binary.

GF(4)-representable

members

of

Proof of Corollary 1.5. If (1.5) (i) or (ii) holds, then by [6, Theorem
A.41, M is
3-connected,
GF(4)-representable
and a member
of EX( Wr3). Conversely,
assume that M has these three properties.
Then, as P6 is not representable
over
GF(4),
ME EX(W3, PJ. Thus A4 is listed in (i)-(v)
of Theorem
1.4. It is
straightforward
to check that each of these matroids
except those listed under
(1.5) (i)-(ii) has a I&- or U,,,-minor
and so is not representable
over GF(4). We
recall here that U2,, = T31b2. 0
The complete set of minor-minimal
matroids that are not representable
over
GF(4) is not yet determined.
However,
P6, lJ2,6 and U,,, are all known to be
members of this set. Our final result extends Corollary
1.5 by characterizing
the
class EX(‘JV3, l&, U&. This theorem
contains
three new matroids:
Euclidean
representations
for the rank-3 matroid H7 and the rank-4 matroid G8 are shown in
Fig. 9. This figure also gives a representation
for the rank-4 matroid Hs. The
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Fig. 9. Hs has six 4-point
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G8
the four 4-point faces of the figure along wiih
(5,6,7,g).
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non-trivial circuits of the last matroid are the four 4-point planes, {1,4,7,8},
{2,3,7, S}, {1,2,5,6} and {3,4,5,6}, which are faces of the figure, together with
{1,2,3,4}
and {5,6,7,8}.
The non-trivial circuits of Gs are {1,2,3,4},
{1,2,6,7},
{4,5,6,7},
{1,3,5, S}, {3,6,7, S} and {2,4,5, S}. Both H8 and Gs
are paving matroids [15, p. 401. It is not difficult to check that the map from
E(H,) to E(H,*) that interchanges 1 and 3 and fixes every other element is an
Similarly
one
can easily
show that
the
permutation
isomorphism.
(1,3,8,5,4,2)(6)(7)
of E(G,) is an isomorphism from Gs to G,*. Thus both Hs
and Gs are isomorphic to their duals.
The characterization of EX(‘W3, U2,6, U4J follows immediately from Theorem
1.4 and the next result.
Theorem

4.1. The matroid M is a 3-connected member of EX(W3, Q6, U,,,) EX( W3, P,) if and only if M is isomorphic to P6, H7, H:, Hs or G8.

Proof. If M is a 3-connected member of EX(W3, ILJ*,~,
U,,,) - EX(W3, P,), then
M has a P,-minor. Thus, by Theorem
1.6, there is a sequence MO, MI,
M,, of 3-connected matroids, each an extension or lift of its predecessor
MB...,
such that MO= P6 and M, = M. The rest of the proof, although not short, is not

difficult and we omit the details.

Cl

Theorem 4.2. The matroid M is a 3-connected member of EX(W3, I&, U&
and only if
(i) M is binary and 3-connected;
(ii) M is isomorphic to T,, T,\bI, TJb, or T,\bllbZ for some r 23; or
(iii) M is isomorphic to one of P6, H7, H:, H, or G8.

if
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